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Abstract

We present a propagation model showing that a transmitter randomly
positioned in space generates unbounded peaks in the histogram of the re-
sulting power, provided the signal strength is an oscillating or non-monotonic
function of distance. Specifically, these peaks are singularities in the em-
pirical probability density that occur at turning point values of the deter-
ministic propagation model. We explain the underlying mechanism of this
phenomenon through a concise mathematical argument. This observation
has direct implications for estimating random propagation effects such as
fading, particularly when reflections off walls are involved.

Motivated by understanding intelligent surfaces, we apply this funda-
mental result to a physical model consisting of a single transmitter be-
tween two parallel passive walls. We analyze signal fading due to re-
flections and observe power oscillations resulting from wall reflections—
a phenomenon long studied in waveguides but relatively unexplored in
wireless networks. For the special case where the transmitter is placed
halfway between the walls, we present a compact closed-form expression
for the received signal involving the Lerch transcendent function. The in-
sights from this work can inform design decisions for intelligent surfaces
deployed in cities.

Keywords: Distribution, Lerch function, reflection, received signal power,
random phases.

1 Introduction

Imagine a single wireless transmitter and an observer located some fixed dis-
tance apart. Assume the signal power is a function of distance. Provided that
the function has turning points, then if we repeatedly place the transmitter at
random, the resulting randomized signal power has a probability density with
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peaks or, more specifically, singularities. These singularities create technical
challenges for mathematical and statistical treatments of wireless networks, as
essentially all mathematical models and methods assume no such singulari-
ties. In this paper we show that the conditions for the singularities, which are
asymptotically the inverse square root kind, naturally arise in a model of wire-
less signals reflecting off building walls.

When electromagnetic signals collide with objects, they undergo reflection
and absorption and may take multiple paths. A popular approach is to model
these phenomena using ray tracing, which is a deterministic method based
on classical results from physics, more specifically optics, such as the Snell-
Descartes law. This technique is, in turn, derived from Fermat’s principle,
which states that electromagnetic waves travel paths that take the least amount
of time (more precisely, are stationary with time). These results allow researchers
to estimate signal strengths by tracing signal paths as they collide with obsta-
cles.

To incorporate randomness into signal models, researchers have also devel-
oped models that provide a statistical description of how such collisions cause
signal strengths to vary. Understanding signal propagation in cities is impor-
tant for emerging technologies such as intelligent reconfigurable surfaces and
deployments of fifth and sixth generation networks. A relevant technological
consideration is intelligent (reconfigurable) surfaces. These smart or intelligent
walls grant some control over the phases of reflected signals, with the aim of
removing the effects of destructive interference [1].

Understanding how random transmitter positioning creates probability den-
sity singularities is particularly important for deployment of intelligent sur-
faces. While this technology aims to control reflected signal phases, the funda-
mental geometric relationships that create turning points—and thus singularities—
persist. Optimally tuning intelligent surfaces requires understanding where
these singularities occur and how phase control can mitigate their effects on
overall system performance.

To this end, we develop a propagation model—or, more precisely, a fading
model—for describing electromagnetic wave propagation between two paral-
lel walls by employing the method of images. The method of images is a stan-
dard technique often used in, for example, electrostatics to model electric fields
induced by charges near conducting surfaces [2, Chapter 2], [3, Section 3.2], ap-
pearing long ago in the classic work by Maxwell [4, Chapter XI]. It is a general
method for incorporating boundary conditions into models of physical sys-
tems.

We examine the resulting models using mathematical techniques, which we
then support with numerical and simulation results.

1.1 Contributions
The paper makes the following contributions:

¢ We establish that randomly positioning a transmitter produces singular-



ities in the probability density of received signal power at values corre-
sponding to turning points of the deterministic power function.

¢ For the symmetric two-wall configuration, we derive a closed-form ex-
pression for the received signal using the Lerch transcendent function.

* We develop a physical-statistical propagation model for parallel walls
using the method of images that bridges deterministic ray-tracing and
purely statistical fading models.

* We demonstrate both theoretically and numerically that constructive and
destructive wave interference creates turning points in signal power, which
manifest as peaks (singularities) in the probability density under random
transmitter placement.

* We show that the locations of these density singularities can be predicted
from the geometry of the configuration, providing insight into signal fad-
ing in environments with intelligent surfaces.

2 Related work

21 Random Propagation Models with Singularities

There is a wide range of statistical propagation models for fading and shad-
owing [5]]. Although singularities can appear in density expressions, they are
usually edge cases existing at the origin, as with the Nakagami and log-normal
models, which are otherwise smooth models. Apart from that, we are unaware
of random propagation models with singularities in their probability densities.
We speculate that this is because such models are often developed using spe-
cific approaches. Given some independence assumptions, applying a suitable
transformation and the central limit theorem produces a model based on nor-
mal (or Gaussian) random variables. Conversely, we discovered these densities
by first developing a deterministic model (with an oscillating component) and
then randomizing it.

Another reason is that it is considerably more complicated to work with
such densities. There is much literature on statistically estimating probabil-
ity densities, but considerably less on densities with discontinuities such as
singularities. Generally speaking, much of statistical density estimation theory
hinges upon smoothness assumptions on the underlying density functions; see
Remark[8.2/for details and references.

2.2 Electromagnetic Signals in Streets

To understand how electromagnetic signals propagate down a city street, Ami-
tay [6] developed in the early 1990s what he called the canyon model, con-
sisting of two infinitely long parallel walls. The work is based on computer
simulations that consider in total ten reflected signals or rays, which include



both ground and wall reflections, whereas we only examine wall reflections.
Amitay included only the first and second images in his model.

There are decades of work on how electromagnetic waves travel in waveg-
uides, which are usually linear structures designed for such waves to propa-
gate with little power attenuation. Researchers have also applied this theory
to the problem of fading due to buildings. For example, independently of our
work, Kyritsi studied in her doctorate thesis a mathematical model [7] Sec-
tion 7.1.3] that is essentially the same as our non-random one when the walls
are equidistant. Motivated by understanding multiple-input and multiple-
output systems, she also used the method of images to derive the same expres-
sion as ours with an infinite series representing an infinite number of images.
She then truncated to a finite number of terms, but no connection was made to
the Lerch function, which we employ in our results. Kyritsi [7, Section 7.1.4]
also used the method of images to study a rectangular model, meaning a room
with four walls. Cox and Kyritsi [8] developed this model in a paper where
they compared it to real-world measurements. No randomness was added to
these models, so beyond the initial non-random model setup, their work does
not overlap with ours.

A more rigorous treatment of electromagnetic reflections is exact image the-
ory developed by Lindell and Alanen [9-11]], which accounts for polarization-
dependent reflection coefficients, angle-dependent effects, and near-field cor-
rections that the classical method of images neglects. Although exact image
theory provides greater physical accuracy, for demonstrating our key results,
the classical method of images suffices.

Researchers have also examined signal propagation in tunnels, starting in
the 1970s, such as the paper by Emslie, Lagace, and Strong [12], who used rect-
angular waveguide models. Some work has used the so-called uniform (ge-
ometrical) theory of diffraction, which combines ideas from Maxwell’s theory
of electromagnetism and classical geometrical optics, such as Fermat’s prin-
ciple [13]]. More recently, Zhou [14] proved the mathematical equivalence be-
tween ray tracing (method of images) and modal methods for rectangular waveg-
uides, validating the image-based approach we employ here. However, we
have found no research on tunnel propagation that is sufficiently relevant to
our work; see the survey on tunnel propagation [15].

Beyond the aforementioned work, there appears to be little that is partic-
ularly relevant to our new model and results. The reason for this, we argue,
is that most signal propagation models fall into two categories: purely ran-
dom, such as Rayleigh fading, or purely deterministic, such as ray tracing. Our
model is a hybrid of these two approaches, producing potentially new results
and observations.

2.3 Stochastic Geometry Models

Our work only examines a model with a single transmitter-receiver pair, but
it raises obvious questions for the multi-transmitter setting. Here it is natural



to employ techniques from point processes and stochastic geometry. This pro-
vides a mathematical framework for analyzing wireless networks of randomly
positioned nodes, typically with Poisson point processes; see the textbooks by
Baccelli and Btaszczyszyn [16] and Haenggi [17]. In the last couple of years
work has already commenced on examining intelligent surfaces using stochas-
tic geometry models [18-20], although at the moment we see little overlap with
our current work.

The Poisson assumption is partly supported by mathematical work show-
ing that randomly weakening multiple signals can make a non-Poisson wire-
less network appear Poisson to a single user [21}22]. This is the case even if
there is a certain degree of dependence among the random effects weakening
the signals [23]. One potential research direction is sensibly combining these
results and our current work, and examining, for example, the effects of the sin-
gularities in the density expressions. With sufficient randomness and regular
walls, we conjecture that the Poisson approximation and convergence results
will still hold. But the use of intelligent surfaces could potentially introduce
too much dependence into the model, breaking any Poisson results.

3 Notation

Table[l|summarizes the key notation used throughout this paper.

4 Turning Points in the Propagation Model

On the plane consider a single transmitter located at a distance r from an ob-
server at the origin O. Assume the received signal at the origin S(r) is a deter-
ministic function of r. For the moment, assume the signal S(r) can be decom-
posed as

S(r)y=A(r)W(r), r=>0. 1)

Here W(r) is an oscillating (possibly complex) function, while A(r) is a (real)
non-negative function, which we assume is monotonically decreasing in r. For
r > 0, we assume that both A(r) and W(r) are continuous and differentiable.
In physical terms, the functions W(r) and A(r) respectively model the wave
and attenuation aspects of the propagated signal.

The received power is given by

P(r) :=[S(r)|* = A(r)*|W(r) . )

Note that we may equivalently write P(x,y) when using Cartesian coordinates,

where the relationship to polar coordinates is given by r = /x> +y2. The
decomposition S(r) = A(r)W(r) provides conceptual insight: the oscillating



Table 1: Key notation and symbols

Symbol Description

Parameters
Ji Imaginary unit, j := V-1
B Attenuation exponent
K Power reflection coefficient
k Wave number, k = 271/A
A Signal wavelength

a,b Distances from receiver O to right and left walls
Wall separation distance, d = a + b
Spatial Variables

O Receiver location at the origin

z Transmitter location

r Distance from transmitter to receiver located at origin O
X,y Cartesian coordinates of transmitter

0 Polar angle

n Distance traversed via n-th right image

7y Distance traversed via n-th left image

Signal Functions

S(r) Received signal from reflections only
S (r) Total received signal (including line-of-sight)
P(r) Received power from reflections, P(r) = |S(r)|?
P(r) Total received power, P(r) = |5(r)|?
a(r) Attenuation function
w(r) Wave (oscillating) function
®(Z,s,7) Lerch transcendent function
Probability
ti Location of i-th turning point
Fy(v) Cumulative distribution function of random variable V

fv(v) Probability density function

function W(r) creates power oscillations while A(r) modulates their ampli-
tude, which then influences the signal power P(r). However, in complex mul-
tipath scenarios, as we develop later, the received signal may not decompose
cleanly into this form—yet we will see that the same phenomena still arise.

The function P has local minima and maxima or turning points, where its
derivative P’ is zero. (More generally, these are stationary points, since saddle
points of a multi-variable signal power P(x,y) can also generate singularities.)
This function is non-random, but we are interested in the effects of randomly
placing the transmitter. We will show that a turning point of the signal power
function P generates a division by zero. This, in turn, creates a singularity in
the probability density of the randomized version of the signal power, even
when it has a continuous probability distribution.



h(r) = sin(r)
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Figure 1: A wide class of non-monotonic functions, such as h(r) = sin(r)

on an interval (ry, ry), can be decomposed into a collection of strictly mono-
tonic functions g, .. ., g¢ by suitably partitioning the function’s domain. ¢; are
the locations of the turning points where the derivative h'(t;) = 0. Partition:
(rL,ru) = AgU A1 U Ay U A3 U Ay, where the set A contains all the endpoints.
The partition is such that each function g;, which is defined as  restricted to
Aj;, is strictly monotonic on A; fori =1,...,4.

4.1 Peaks in the Probability Density

In a bounded sample interval (r1,ry) for the radial distance, we assume the
function P has m turning points denoted by ¢y, ..., t;, where r, <t,...,t; <
ru, meaning P'(t;) = 0 fori = 1,...,m. We assume the function P is strictly
increasing or decreasing between any two consecutive turning point locations
t;and t;; 1, as well either endpoint r, or ryy and its nearest turning point. We can
now examine what happens when we randomly place the transmitter, which
gives a randomized version of the signal power.

411 No Turning Points

We consider the open interval (¢;,t;;1) such that the function P is strictly mono-
tonic on this interval; refer to Figure[|for an example. Let the function g; be the
restriction of P on this interval, meaning g;(r) = P(r) whenever r € (t;,t;11),
so g; is a strictly monotonic function with domain (#;,¢;,1), which has a well-
defined inverse gi_l. The function g; is continuous, which, coupled with its
strict monotonicity on the interval (t;,t;,1), means that g; is a one-to-one (or
bijective) function on the interval (¢;,¢;11) [24, Proposition 9.8.3]. (These as-
sumptions make g; an ideal function for transforming a random variable.)

For clarity, we further assume that g; is strictly increasing on the interval
(t;,tiy1), but a similar analysis applies if it is strictly decreasing. Now we
can give mathematical expressions for the (cumulative) probability distribu-
tion and the probability density of the received signal when the transmitter is
randomly positioned.

Proposition 4.1. Let U be a continuous random variable defined on the interval
(ti, tir1) with probability distribution Fyy(u) = P(U < u). Assume the above con-
ditions on the function g;, which is strictly increasing on the interval (t;,t;1). The



Figure 2: A turning point in the power function P(r) correspond to a singular-
ity in the probability density. (a) The power function has a minimum atr = ¢
where P'(t) = 0. Two distinct locations r; and r, produce the same power
value (orange points). (b) When the transmitter location is randomized, the
resulting probability density fy(v) has a singularity at v = P(f) where the
derivative P’(r) vanishes. The singularity arises from the change-of-variables
formula given by expression ().

random variable V; = g;(U) has the probability distribution

Fy,(0) :=P(g;(U) < v) = Fu(g; ' (v)), v € (0;,vi11), 3)

where the endpoints are v; := g;(t;) and viyq := gi(ti11). The probability density of
Vi = gi(U) at v € (v;,v;41) is given by

_ AR (0) _ fulg ()
fr(0) == — 81(s (o)

Remark 4.2. For the probability density fy,, the absolute value in expression
is not needed because the function g; is increasing. It is only needed for de-
creasing g;, so expression (4) holds for any strictly monotonic g;. For the prob-
ability distribution Fy,, a decreasing g; requires taking the complement, in ad-
dition to reversing the endpoints of the interval, so v € (v;1,v;).

Proof. See Appendix[A] O

(4)

The probability density expression @) shows that the first derivative ap-
pears in the denominator, which becomes zero at turning points in P, revealing
the source of the singularities. The probability density fy,(v) is not defined at
these singularities, but we can examine how it behaves asymptotically when
we include a single turning point.

41.2 A Single Turning Point

Turning points in the signal power function P result in divisions by zero, creat-
ing singularities in the probability density of the randomized signal power, as
Figure illustrates. To examine this effect closer, we widen our sample interval
to (t;_1,ti+1) so that it covers one turning point of function P located at t;. We
assume the function P is twice differentiable in the neighborhood of the turn-
ing point ¢;. For ease of exposition, we further assume the second derivative at



the turning point is positive, so P”(t;) > 0. (This assumption only simplifies
the exposition and the mathematical argument without changing the overall
message.) We define h; as the restriction of P on the interval (t;_1,t;11). To
give more explicit asymptotic expressions, we assume that the transmitter is
randomly placed according to a uniform variable, but this assumption can be
easily lifted.

Now we state what happens asymptotically to the distribution and density
of a randomized version of the signal power P.

Proposition 4.3. Let U be a continuous uniform random variable defined on the in-
terval (tj_q,ti+1) with probability distribution Fiy(u) = P(U < u). Assume the
above conditions on the function h;(r), which has one turning point on the interval
(ti—1,tiy1). The random variable V; = h;(U) has a probability distribution Fy (v),
where v > 0, which behaves asymptotically such that

1/2
Fy (o) ~ (p,,zai)) (v D)2, ©)

fip1—tia

as v — P(t;), where v approaches P(t;) from above. Furthermore, the probability
density fy.(v), where v > 0, behaves asymptotically such that

1 2 \? 1
U e (P”(ti)> (v - P(t;))*’ ©

as v — P(t;), where P(t;) > 0and v # P(t;).

Proof. See Appendix O

We see that, provided the second derivative is non-zero, P”(t;) # 0, the
singularity in the density fy, is of the inverse (or reciprocal) square root kind.
Although the probability density fy,(v) is not defined at v = P(t;), it is an inte-
grable singularity. An obvious research inquiry is establishing which statistical
methods deal with such singularities in this setting.

4.1.3 Multiple Turning Points

The previous analysis can be extended to multiple turning points of the sig-
nal power P. For a sufficiently well-behaved function /1, we can partition its
support into subintervals Ay, ..., Ay, resulting in strictly monotonic functions
g1, --.,8¢, where the support of each function g; is the subinterval A;, as illus-
trated in Figure|[l} (The partition includes an additional set Ay containing all
the endpoints of intervals, as well as other stray points where the function
does not behave nicely.)

This intuitive partitioning approach, however, seems to be rarely described
in introductory textbooks or is mentioned in passing without proof [25, Sec-
tion 2.7], [26| Section 4.4, Remark 2], [27, Section 4.7, Equation (16)], which we
discovered after extensive searching. Gut [28, Section 2.2] covers the result



more thoroughly, but, for our work, the most relevant statement is given by
Casella and Berger [29| Theorem 2.1.8].

Skipping the finer mathematical details, the result basically says that for
a random variable X with probability density fx, we obtain the probability
density of a random variable Y = h(X) by summing over the partition, giving

{
frlv) = L Ax(s ) | 328 @)

ifye)y, (7)

otherwise fy(y) = 0, where ) is the support of the random variable Y.

The above expression tells us that the number of singularities can poten-
tially grow with the number of turning points. But the story is a little more
subtle, as multiplicity is possible. A turning point located at ¢ tells us that a
singularity will occur, provided ¢ falls inside the sample window. But it is the
power value P(t) that tells us precisely where that singularity occurs. And nat-
urally for a simple oscillating function, different turning point locations t1, ..., t;
can give the same power values, so P(t;) = --- = P(t;) despite t] # ... # t;,
thus collapsing multiple singularities into one. The example of h(r) = sin(r),
illustrated in Figure (1, would only generate a maximum of two singularities,
even if the sample window was widened to include more turning points; also
see the results of a simulated example in Figure[10} In other words, more turn-
ing points does not necessarily imply more singularities in the probability den-
sity.

We now are prepared to apply the above results to a model with an oscil-
lating power signal arising from reflections off walls.

5 Geometrical Signal Model

Consider wireless communication between a receiving node located at the ori-
gin O and a transmitting node located at the point z with polar coordinates
(r,0). We adopt the standard assumption that the transmitted electromagnetic
field can be represented by a plane wave that is independent of time and lin-
early polarized to be parallel to the ground. Following this representation,
the transmitted signal at distance r from the transmitter can be expressed as
E(r) = ek where ji= v/—1 and k denotes the wave number, which is defined
as k := 2m/A with A being the signal’s wavelength. Thus k is proportional
to signal frequency f via k = 27f/c where c is the speed of light. Assuming
c = 3e8 m/s, a frequency range of 1 to 100 gigahertz corresponds to a wave
number range of roughly 20.1 to 2010 rad/m. For our results, however, note
that we chose the values of the wave number k merely to illustrate concepts.

We will also incorporate attenuation into our model with a continuous func-
tion a(r) to denote the attenuation at distance r. A typical single-slope atten-
uation function is a(r) = r~#/2 with B > 0 being the attenuation exponent,
which is the model we will often assume. At distance r from the transmitter,
the signal is now E(r) = a(r)e/*".

10
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Figure 3: Two equivalent ways of representing a signal propagating between a
transmitter and receiver, both located next to a reflecting wall. The black solid
line is the line-of-sight signal, while the blue dashed line is the non-line-of-sight
signal. In both representations the dashed blue lines are of equal total length.
(a) The diagram illustrates the signal reflecting off the wall. (b) The diagram
uses a virtual node or image on the other side of the wall.

6 One Wall

We assume the receiver O and a single transmitter z (with polar coordinates
(r,0)) are located next to an infinitely long vertical wall passing through x = 4;
see Figure 3| In other words, the transmitter is located on the half-plane to the
left of x = 4, meaning the points {(x,y) : x < a;x,y € R}, where a > 0 is the
distance between the wall and the origin O.

When the signal reaches the wall, we assume that a fraction « € [0, 1] of the
transmitted signal power is reflected by the wall, while the remaining power
fraction 1 — « is absorbed. The superposition principle implies that the received
signal at distance r from O is a deterministic quantity given by

A

5(r)

w(r)e + /xa (g )e 1 ®)
= a(r)el — Vxa(f)e, )

where 71 is the distance traversed by the signal due to the single image. The
first term on the right-hand side of (9 is the line-of-sight signal. The second
term is the non-line-of-sight signal for which we used the fact that each reflec-
tion adds 7 to the signal phase, thus inverting the wave and explaining the
negative sign.

The line-of-sight signal travels between z and O, resulting in the horizon-
tal and vertical distances x := rcosf and y := rsin#, respectively. Then the
distance from transmitter to the receiver via the wall is simply

f1=1/(2a — x)2 + 2 (10)

11
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Figure 4: A receiver O and a transmitter z placed between two infinitely long
parallel walls. The black solid line represents the line-of-sight signal path,
while the red and blue dashed lines are the respective signals from the first
left and right images. The distances between receiver O and the images on the
right and left are denoted by 7; and 7; respectively.

7 Two Parallel Walls

We assume the receiver O and a single transmitter z are located between two
infinitely long parallel walls; see Figure 4 We again assume that a fraction
k € [0,1] of the transmitted signal power is reflected by the wall, while the
remaining power fraction 1 — « is absorbed.

According to the method of images, as described in Section the received
signal at the receiver location O is determined by an infinite number of images;
also see Kyritsi’s PhD thesis [7, Chapter 7] for details and references. In prac-
tice, however, the contributions from large-order images (or signal reflections)
decay quickly due to signal absorption. The received signal at distance r from
z is given by

S(r) =a(r >ef’“
+ 2 e]krn
+ 2 2,)eiln, (11)

where #, and #,, withn = 1,2, . .. are the distances traversed by the signals due
to the n-th right and left images, respectively. In the latter expression, again
we used the fact that each reflection adds 7 to the signal phase, thus inverting
the wave, which explains the negative signs appearing in the signal reflection
terms. For comparison purposes, we will often omit the line-of-sight term, thus
expressing the signal only in terms of signal reflections, namely as

i P)el¥n 4 Z D)elkln, (12)

n=1

12



The signal’s final ray coming from the left or right images gives two cases
that depend on whether the ray traverses an even or an odd number of times
between the two walls. For integer n > 0 and an even number of traversals,
the distances of the reflected signals that come immediately from the right and
left walls before arriving at O are given, respectively, by

Pt = \/(2n(a+b) +20 - x)2 + 2, (13)

Uys1 = \/(Zn(a +b) +2b+x)2+y?, (14)

where a and b denote the distances from O to the right and left walls, respec-
tively. For an odd number of traversals, the distances are obtained as

an:\/((2n+1)(a+b)+a+b—x)2+y2, (15)

Tupr =/ (@n+1)(a+b) +a+b+x)2+ 2. (16)

For the special symmetric case where a4 = b, and using the notation d :=
a + b, equations (13)—(16) simplify to

Prat =/ (n+1)d = x)2 + 92 (17)

Dupr = /(0 + 1)d +0)2 4 2. (18)

Proposition 7.1. For the special symmetrical case of a = b = d /2, the attenuation
function a(r) = r=P/2, and transmitter at z = (x,0) where x is the horizontal dis-
tance from origin, the received non-line-of-sight signal at distance r is given by the
following closed-form expression:

S(r) =‘;£ [CD (—\/;?efkd,ﬁ/z,—r/d) . (_d/r)ﬁ/Z}
+Z;j/kzr [q’ (_ﬁefkd,ﬁ/zr +r/d) - (d/r)f‘/z] : (19)

where ® is the Lerch transcendent (function), defined in the DLMF [30, Section 25.14]
by NIST as

ésv=X_jn+7 (20)

where y #0,—1,..., || <1,and R{s} > 1
Proof. See Appendix|C| O

Remark 7.2. The convergence of the Lerch transcendent requires ¥ < 1, cor-
responding to the physical requirement that some signal absorption occurs at

13



each wall reflection. The case x = 1 (perfect reflection) lies outside the domain
of convergence.

The Lerch transcendent often arises when summing fractions with power
laws in the denominator. It is also known as the Hurwitz-Lerch zeta function,
which is different from the Hurwitz or Lerch’s zeta function. Despite such
infinite sums appearing in models involving method of images, unexpectedly
we did not find any relevant work that explicitly mentions this special function.

The Lerch transcendent can be numerically evaluated in mathematical pack-
ages such as Maple or Mathematica. There is ongoing research on developing
asymptotic methods and fast algorithms for evaluating these functions; see, for
example, the recent paper by Lépez and Sinusia [31]. For applications involv-
ing intelligent surfaces, efficient evaluation of the Lerch transcendent is impor-
tant because real-time optimization algorithms may need to compute signal
power across many spatial configurations when determining optimal phase
settings.

7.1 Received Signal Power

In Figure |5, we plot the (non-line-of-sight) signal power P(x,y) := |S(x,y)|?
at the receiver location (x,y) by setting y = 0 and varying the x values. We
assume that the transmitting node location is fixed at the point O with a =
b = 0.5, while the attenuation exponent is B = 4. Recall that expressions
x = rcost and y = rsin @ provide the Cartesian coordinates. As shown in Fig-
ure 5, P(x,0) oscillates, which contrasts with classical free-space propagation
with no reflections, where the signal power decreases with increasing distance.
The power oscillations are due to the existence of constructive and destructive
wave interference, with the results being reminiscent of electromagnetic waves
propagating through waveguides. Figure 6| demonstrates that the form of the
power oscillations changes when k increases to 100. The wave number k is
proportional to the signal frequency; hence, as k increases, the waves oscillate
more frequently. Similarly, when we fix x = 0 for the receiver location and
vary its vertical placement y, we see in Figure [7] that the signal power P(0,y)
oscillates with varying y.

7.2 Intelligent Walls

We now consider the case where the walls are coated with an intelligent sur-
face. We assume an intelligent surface can adjust the phase of reflected signals
by controlling the electromagnetic properties of the reflecting surface. Specifi-
cally, these idealized surfaces can:

* Remove the 7t phase shift that normally occurs upon reflection
* Add additional phase shifts to align reflected signals constructively

¢ Dynamically tune the total phase to maximize received signal strength
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Vary x, keep y fixed.

Power value P(z,y)
v e s o e N
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Figure 5: The (non-line-of-sight) signal power P(x, 0) for transmitter placement
ata = b = 0.5, attenuation exponent § = 4, power reflection coefficient x = 0.5,
wave number k = 10, and different values of the horizontal receiver placement
x.

Vary x, keep y fixed.

Power value P(z,y)

0 0.1 0.2 0.3 0.4 0.5
T

Figure 6: The signal power P(x,0) for wave number k = 100 and different
values of the horizontal receiver placement x. The remaining parameters are
the same as Figure

In the optimal case, intelligent surfaces align all signal components—line-
of-sight and all reflections—to interfere constructively with a common phase.
If intelligent surfaces eliminate the 7w phase shift from each reflection, the (—K)"
terms become (k)" terms in the signal expression (II). However, the phases
kr, k#,, and kf, generally differ due to different path lengths, so the terms
still do not align perfectly. In an idealized scenario where intelligent surfaces
possess complete knowledge of all signal paths and can apply arbitrary path-
dependent phase adjustments—a theoretical upper bound on performance rather
than a practically achievable configuration—all signal components could be
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Vary y, keep x fixed.

Power value P(z,y)
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Figure 7: The signal power P(0,y) for wave number k = 1000 and different
values of the horizontal receiver placement y. The remaining parameters are
the same as Figure f|and f]

aligned to a common phase /%, yielding

So(r) :=el

a(r) + i(ﬁ)”ﬂé(%) + i (ﬁ)n“(@n)] (21)

This upper bound assumes capabilities beyond current intelligent surfaces
technology, serving primarily as a theoretical performance benchmark. Noting
this, taking the magnitude of both sides and squaring of the signal expres-
sion gives an upper bound for the signal power P(r), namely

0o 2
a(r) + Y (Vi) a(Pu) + Z(\/?)"fx(@n)] (22)

> P(r). (23)

This upper bound represents the maximum achievable signal power when in-
telligent surfaces eliminate destructive interference completely, serving as a
benchmark for evaluating the performance of practical intelligent surface im-
plementations.

7.3 Implications for Intelligent Surfaces

When both walls are equipped with intelligent surfaces, the phase control ca-
pabilities offer opportunities to reshape the signal power function P(x,y). Un-
derstanding the turning points becomes critical because:

* The singularities in probability densities occur at predictable locations
determined by geometry.
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¢ Optimization algorithms for intelligent surfaces must account for these
singularities when deployed in corridors or urban canyons.

* Phase adjustments can potentially smooth the power function, reducing
or eliminating turning points.

7.4 Model Limitations

Our two-wall propagation model incorporates several simplifying physical as-
sumptions that merit discussion. The model assumes specular (mirror-like) re-
flection with an angular-independent reflection coefficient x, neglecting diffuse
scattering and angle-dependent reflection that occur in practice. We employ a
far-field approximation where the phase is approximately uniform across the
wall surface, which holds when distances are large compared to wall sepa-
ration (r > d). The model treats electromagnetic waves as scalar quantities,
omitting polarization effects and their interaction with wall materials. Addi-
tionally, we assume infinite parallel walls and a single-slope attenuation model
with constant exponent .

Despite these idealizations, the fundamental phenomenon we establish—
that random spatial sampling of oscillatory signal power creates probability
density singularities at turning points—is robust to these approximations. The
singularities arise from the geometric relationship between transmitter loca-
tion and multipath interference, not from the specific details of wave propa-
gation. More sophisticated models incorporating near-field effects, angular-
dependent reflection, or polarization would modify the detailed form of the
power function P(x,y) but would not eliminate the turning points or their as-
sociated singularities, provided constructive and destructive interference re-
mains present. This robustness makes our results applicable to practical wire-
less systems where the idealized assumptions are only approximately satisfied.

8 Random Geometrical Signal Models

We consider natural ways to introduce randomness into our deterministic model.
We examine two randomization approaches: random spatial positioning of
the transmitter (Section|8]A), which captures geometric variations, and random
phase variation (Section [8B), which provides a more mathematically tractable
alternative. We start with the first approach, which we already started dis-
cussing in Section [}

8.1 Random location model

A natural way to introduce randomness into our wave-based model is to ran-
domly position the transmitter, which can be justified by considering place-
ments, movements and other uncertainties of transmitters. In Cartesian co-
ordinates, the transmitter is located at (x,y) = (rcos6,rsinf). If the trans-
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mitter is perturbed by a random vector N = (Ny, Ny), where the vector com-
ponents are two random variables N, and N, symmetrical around zero (so
they have zero mean) with variance 02, then the transmitter is now located at
(X/, Y/) = (X + Nx/]/ + Ny)

The random variables Ny and N, may be, for example, two independent
uniform or normal random variables with variance ¢2, where a natural choice
for o would be a quantity proportional to the signal wavelength A. In practice,
we found it easier to randomly locate the transmitter using uniform random
variables, which have bounded support. Otherwise, it is possible that the ran-
dom perturbations are too large, sending the transmitter to the wrong side of
the wall.

Under the random location model, the random perturbations will of course
alter the distances of the rays, which we write as R, and L,. In the symmetrical
case when a = b, these random variables are simply

Ry =/ (nd — x+ No)? + (y + Ny)2, (24)

Lo = \/(nd +x + N2+ (y + Ny)2. (25)

8.1.1 Randomly Sampling the Signal

To better understand the random location model, we examine the situation
when we just randomly vary x in a uniform manner and keep y fixed. This
is equivalent to sampling the non-line-of-sight signal function S(X,y), given
by equation (19), for a randomly uniform X. We can then estimate the den-
sity of the (probability) distribution P(P(X,y) < s) by performing an ordinary
empirical count. (Based on our experiences here, standard kernel-based den-
sity estimation methods seem to fail at capturing the subtleties of the empirical
probability density; see Remark [8.2]below for details.) For each histogram, we
took about 10° samples with 200 bins.

8.1.2 Peaks in the Probability Density

We now apply the mathematical framework developed in Sectiondto our spe-
cific propagation model. As established there, turning points in the signal
power function P create singularities in the probability density under random
spatial sampling. These peaks can be predicted from the power expression
P(x,y) = S(x,y) 2

For fixed y = 0 and varying x € (x,, X;11) on an interval where P(x,0)
is strictly monotonic, we can apply Proposition The constructive and de-
structive wave interference in our two-wall model creates turning points where
P'(x,0) = 0, which generate the singularities. Equation () reveals that signif-
icant peaks can occur in the probability density even near (but not at) turning
points where the derivative P’(x) approaches zero.
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Remark 8.1. For environments with intelligent surfaces, the ability to predict
turning point locations from geometry enables targeted phase optimization.
Rather than treating fading as purely random, controllers for intelligent sur-
faces can leverage knowledge of these geometric singularities to improve sig-
nal reliability in specific spatial regions.

Constructive and destructive interference creates the turning points in the
(non-random) signal power, which then give peaks in the probability density
of the (random) signal power.

8.1.3 Results

Our results support our mathematical argument about singularities, with the
values of the turning points corresponding to the peaks in the empirical density
estimates. More specifically, for the first (or top) plot in Figure[8| we have again
plotted P(x,y) as we vary x, as we did for Figure@ but for a smaller x-domain.
For the second (or bottom) plot in Figure [§} we have sampled uniformly X on
the interval (0.15,0.35) and empirically estimated the probability density of the
power term P(X, y).

The power values where peaks in the probability density occur can be pre-
dicted, as they correspond to the turning points of the power term P(x,y). We
indicated the turning points and singularities respectively with red dots and
red dashed lines in the two plots presented in Figure[8| We see in Figure 9| that
similar peaks appear when we randomly sample Y, keep x fixed, and plot the
empirical density of P(x,Y).

If we either decrease the wave number k or the interval or region of the
transmitter location, then there will be fewer turning points and, consequently,
fewer peaks in the probability density. Furthermore, if two (or more) turn-
ing points take the same power value, then they will appear as one peak in
the empirical density, as we explained previously in Section [4.1.3] Under our
model, this happens if we fix x and vary y across a suitable interval, as there
is symmetry in y around y = 0. The results of such an example are illustrated
in Figure where we see there are three turning points in the power value,
but only two peaks in the empirical density, as two turning points coincide in
power value.

On the other hand, even if the random location sampling does not cover a
turning point in the power, its effects can still appear in the empirical probabil-
ity density. We see this in Figure[11} which we produced with the same param-
eters as Figure [I0] but sampled on a smaller interval. The two turning points
visible in Figure [11| produced two peaks in the empirical probability density,
but there is a third peak (on the far right), which stems from the turning point
in the power at y = 0, which falls outside of the sample interval (0.1,0.6).

Finally, we randomly translate in both Cartesian directions. We see in Fig-
ure [12] that the peaks still appear, but they are less significant, when we ran-
domly sample both X and Y. Note that it is somewhat difficult to obtain simi-
lar peaks in the empirical probability density, as the x and y variables work on
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Figure 8: (a) The signal power P(x,y) as x varies. (b) Empirical probability den-
sity of P(X,y) with varying x € (0.15,0.35) and fixed y = 0. Thirteen turning
points in the signal power produce thirteen peaks in its empirical probability
density. Parametersa =b =05, =4,k =0.5,and k = 102.

different scales.

Remark 8.2 (Challenges for density estimation). The singularities in our prob-
ability densities create fundamental challenges for standard statistical density
estimation methods. Classical kernel density estimators assume smooth, dif-
ferentiable densities, and the asymptotic theory breaks down at discontinu-
ities [32-34]. The convergence rates typically quoted for kernel method do not
apply near singularities where the density is unbounded [34, Section 3.2.7.2
and 6.2.3.5].

For densities with discontinuities or unbounded values, alternative approaches
exist in the statistical literature, including methods based on transformation [35]
or boundary kernels [36]. However, these typically address boundary prob-
lems or jump discontinuities, not the inverse square-root singularities arising
in our model. Our histogram-based empirical approach avoids these pitfalls,
though it introduces its own bias-variance trade-offs through bin width selec-
tion.

8.2 Random Phase Model

We want to propose another model, which is mathematically more tractable
while still capturing the induced randomness of the previous model. For such
a random model, we consider the phase terms in the two sums from the right
and left set of images. We now assume that the phases of the right and left
images, namely k#,, and k/,,, (modulo 277) behave like coupled pairs of random
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Figure 9: (a) The signal power P(x,y) as y varies. (b) Empirical probability
density of P(x,Y) with varying y € (0.15,0.35) and fixed x = 0. Parameters
a=b=058=4,=05andk = 10%.

variables (l:ln, Vn), which means the non-line-of-sight term becomes

S R o, 2 (VR
n=1 rn n=1 n
We want to know if it is possible that this random phase model can mimic
the random translation model above, which has the (random) phases kR, and
kL,, where we recall R,, and L, are given by expressions and (25).

8.2.1 Uniform Phases

A simple model is to assume that all the random pairs (U,, V) are equal in
distribution to some single pair (U, V). We then set U and V to be uniformly
distributed variables on the interval (0, 277).

There are two arguments for having uniform phases. First, under the ran-
dom location model, if the variance of the random perturbation is large enough
so that the resulting phases kR, and kL, are sufficiently large (greater than 27)
and small (less than 0), then the phases (modulo 27) will converge in distribu-
tion to that of the uniform variable on (0, 27). For example, assume under the
random location model that a random phase value kR, is equal in distribution
to a normal variable Z with mean 7t and variance o2; then

Z mod (271) — Uas o — oo,

which gives us the first reason for using uniform phases in our model.
The second reason is more technical, interpreting the model as a discrete-
time deterministic dynamical system. Each set of reflections of the n-th image
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Figure 10: (a) The signal power P(x,y) as y varies. (b) Empirical probability
density of P(x,Y) with varying y € (—0.5,0.5) and fixed x = 0.1. The three
turning points in the power create only two peaks in its empirical probability
density, because two of the turning points have the same power value, collaps-
ing into a single peak. Parametersa = b = 0.5, 8 = 4, k = 0.5, and k = 102

represents a time step in this system. Then the phases of the right and left im-
ages, k', and k?,, form a dynamical system. The uniform distribution is the
natural choice for such dynamical systems with the modulus operator, due to
the trigonometric functions, evoking the equidistribution theorem; see, for ex-
ample, the book by Hasselblatt and Katok [37, Section 4.1.4]. In less formal
language, as the dynamical system evolves with more and more reflections oc-
curring, the two phases k7, and kZ, (modulo 277) are two points moving on the
circle, eventually exploring the entire circle in a uniform manner.

8.2.2 Results

We now present numerical results that validate our theoretical findings regard-
ing random fading models and signal power distributions.

As explained in Section when random perturbations are sufficiently
large in the random location model, the resulting random phases of all right
and left images behave approximately uniformly on [0, 27t]. However, for each
pair of left and right images, the corresponding random phases remain depen-
dent on each other. In other words, for any pair of images, the right and left
phases marginally behave like uniform variables, but the entire signal structure
maintains internal dependencies.

The marginal distributions of the phases in the random location model
closely resemble uniform distributions, but they are not independent. This cor-
relation structure distinguishes the random location model from simpler mod-
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Varyy, keep x fixed.
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Figure 11: (a) The signal power P(x, y) as y varies. Only two true turning points
of signal power P(x,y) are visible, but a third turning point almost appears
in the signal power on the far left with a power value of slightly below 1.2.
(b) Empirical probability density of P(x,Y) with varying y € (0,0.6) and fixed
x = 0.1. There are three peaks in the empirical probability density. But the third
peak (in the middle) is not a true singularity. It appears because the sampling
nears the truncated third turning point of the signal power P(x,y). Parameters
a=b=058=4,=05andk = 10%

els that assume complete independence. In contrast, under the far-field ap-
proximation model, the random phases can be treated as independent, which
significantly simplifies analysis but may not capture the full complexity of the
physical propagation environment.

Our numerical simulations confirm that the peaks in the probability density
of signal power, as predicted by our analysis in Section|[8} align precisely with
the turning points of the deterministic signal power function. This validates
our theoretical framework connecting wave interference patterns to statistical
properties of random fading.

We compare the empirical probability densities under the random location
and random phase models in Figures and For k = 10? (Figure , the
random location model exhibits multiple sharp peaks corresponding to turn-
ing points in the deterministic power function, as predicted by our theoreti-
cal analysis. In contrast, the random phase model produces a smooth, uni-
modal density without these singularities. The random phase model’s density
is approximately symmetric and resembles classical fading distributions like
Rayleigh, lacking the geometric structure that creates peaks in the random lo-
cation model.

At higher frequencies with k = 10° (Figure , the distinction becomes
more pronounced. The random location model maintains its characteristic
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Figure 12: (a) The power of the signal term P(x, y) as x and y both vary. (b) Em-
pirical probability density of P(X,Y) with varying x € (0.05,0.45) and varying
y € (—0.2,0.2). Parametersa = b = 0.5, p = 4, x = 0.5, and k = 10.

peaks at turning point values, though the increased frequency creates more os-
cillations in the underlying power function. The random phase model contin-
ues to produce a smooth density, demonstrating that uniform phase random-
ization fundamentally differs from spatial randomization. This comparison
confirms that the singularities in probability densities arise specifically from
the geometric coupling between random spatial sampling and deterministic
signal oscillations, not merely from phase randomness.

9 Conclusion

Using probability fundamentals, we showed that randomly moving a trans-
mitter can result in peaks or rather singularities in the probability density of
the (randomized) received signal power, provided there are turning points in
the distance-based propagation model. This has direct implications for how to
model and statistically study wireless signals. To apply these findings, we have
developed a physical-statistical model for signal propagation between parallel
walls using the method of images. Our approach bridges the gap between
purely deterministic ray-tracing methods and purely statistical fading models
by incorporating geometric structure directly into the stochastic framework.
For the symmetric two-wall configuration, we derived a closed-form ex-
pression for the received signal using the Lerch transcendent function, which
reveals the oscillatory nature of signal power due to constructive and destruc-
tive interference. This analytical result provides insight into waveguide-like
behavior in cities that standard free-space propagation models cannot capture.
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Figure 13: At lower wave number values, the two models give rather different
results. (a) Empirical probability density of P(x,Y) under random location
model: Varying x € (0.15,0.35) and fixed y = 0. (b) Empirical probability
density of P(x,Y) under random phase model: Fixed x = 0.25 and y = 0.
Parametersa =b =0.5,=4,x =0.5,and k = 102.

Under the random location model, we demonstrated both theoretically and
numerically that oscillations in signal power generate singularities in the prob-
ability density function. These singularities occur precisely at the turning points
of the deterministic signal power function, which can be predicted from the
geometry of the configuration. For low wave numbers or frequencies, these
peaks become particularly prominent, representing a regime where simplified
random phase models fail to capture the underlying physical phenomena.

Our work establishes a foundation for understanding signal fading in en-
vironments with intelligent surfaces. The predictability of probability density
singularities from geometric configuration provides a structural principle for
optimization of intelligent surfaces: rather than treating all spatial locations
equivalently, network operators can account for the known locations of turning
points and resulting singularities. The geometric approach we have developed
can accommodate phase-tunable walls and provides a framework for analyz-
ing how such surfaces can mitigate destructive interference while accounting
for the statistical properties induced by random user positioning. Future work
can extend these results to more complex geometries and incorporate the full
capabilities of intelligent surfaces into the stochastic geometry framework.

Data Availability

The MATLAB code used to generate all numerical results and figures in this
paper is available online [38].
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Figure 14: At higher wave number values, the two models give similar results.
(a) Empirical probability density of P(x,Y) under random location model:
Varying x € (0.15,0.35) and fixed y = 0. (b) Empirical probability density
of P(x,Y) under random phase model: Fixed x = 0.25 and y = 0. Parameters
a=b=058=4=05andk = 10%.

A Proof of Proposition 4.1

Standard probability techniques gives us the probability distribution of the
random variable V; = g;(U) precisely because g; is a one-to-one function. (The
use of this crucial assumption on the function is typically taught in probabil-
ity courses, but later we will need to consider many-to-one functions.) We then
derive the probability density by using the chain rule and a general formula for
the derivative of an inverse function. If a continuous function f is monotonic
on the interval (a,b), then the derivative of its inverse f —1ig given by

df1(v) 1
= — , veE(ab), (27)
dv f1(f1(0)
which is closely related to a result sometimes called the inverse function theo-
rem; see, for example, Tao [24, Section 10.4]. Formula is also presented in
classic texts on analysis such as Spivak [39, page 34] or Rudin [40, page 114].

B Proof of Proposition

Recalling P'(t;) = 0 and taking the Taylor expansion of P(r) at the turning
point ¢;, we define the function

() = P(t) + 3P () (r — )%, (28)

for which i;(r) — hi(t;) = P(t;) as r — t;. The function /1;(r) is of course not
strictly monotonic, but we can suitably partition its support (the subset of its
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domain where it is positive), giving two strictly monotonic inverses, which we
write as a single expression

= Iyl (v) i= t; £ [2(v — P(t;)) /P (t:)]/% (29)

The rest of the proof follows from the standard steps of finding the distribution
of the square of a random variable; see, for example, Gut [28} Section 2.2] or
Hogg, McKean, and Craig [25, Section 1.7]. More specifically, if X is a continu-
ous random variable with distribution Fy, then the distribution of the random
variable Y = X?is Fy(y) = Fx(\/¥) — Fx(—+/), while the probability den-

sity is fy(y) = (fx(\/¥) — fx(—=/¥))/(2\/y) . The same reasoning gives the
probability distribution

P(h;(U) < v)
=P(U < t; + [2(0 = P(t;)) / P" (1;)]'/?)
—P(U < t; = 2(v = P(;)) /P" (£)]'?). (30)

Assuming U is uniformly distributed on (#;_1,t;1) with distribution P(U <
u) = Fy(u) = (u—t;_1)/(tix1 — ti_1), then direct substitution into the above
expression gives the first asymptotic formula (5, and differentiation of that for-
mula yields the second formula (6). Note: If we wanted to another distribution
for the random variable U, we just replace the distribution F;; with another
distribution, and then derive its Taylor expansion.

C Proof of Proposition

Based on our geometrical model, the reflected rays travel distances for n > 1,
which are given by #, = nd —r and ?, = nd + r for the n-th right and left
images, respectively. For this case, the series expression for S(r) simplifies
to

i ,3/2 e]k(ndfr)
o= (nd—r)

(_ﬁ) nd+r
- G e

+
g
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We can write the first the infinite sum as
(=vx)" pfk(nd—r)
(nd —r)P/2
efjkr (_ﬁejkd)n
AP (n—r/d)p/?

_ e~ Jkr ( o0 (_\/Ee]'kd)” B (—d/T)ﬂﬂ)

12

n=1

db/2 n=0 (7’1 - r/d)ﬁ/Z
—jkr )
- ;W (cp (—\/Eefkd,ﬁ/z,—r/d) - (—d/r)ﬁ/z) . (32)

Substituting expression (32) into expression (31)) and performing the same deriva-
tion steps for the second infinite sum in expression yields the final expres-
sion ((19).
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